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Analytic Solution of the Transient Behavior of
Radiation-Backscattering Heat Shields

Charles J. Cornelison* and John T. Howef
NASA Ames Research Center, Moffet Field, California 94035

An analytic solution of the material response to combined radiative and convective heating is presented. The
solution includes the equations of radiative transfer (within the material), coupled to a transient energy equation
that contains both radiative and convective terms. The analysis allows for unlimited spectral detail, but assumes
that within the range of applicability, the various material properties do not vary significantly with temperature.
To facilitate development of the analytic solution, it is also assumed that scattering within the material dominates
absorption, and that the exposed surface of the material does not ablate. The exposed surface boundary condition
includes convective heating and spectral radiation, some of which is absorbed by the surface and some of which
penetrates the surface.

Nomenclature
A = transformed value of a, Eq. (21)
a = radius of the inner surface
B = transformed value of b, Eq. (22)
b = radius of the exposed surface
Cn = series coefficient for the general solution
Q = material property const, Eq. (8)
C2 = material property const, Eq. (9)
cp — specific heat of solid
fb = boundary condition flux term, Eq. (26)
7 = bidirectional radiative intensity
K = bidirectional absorption coefficient
k = thermal conductivity
m = geometric superscript, Eq. (2)
n - index of refraction
qb = surface emitted radiative flux
qc - conductive heat flux within the material
qe = radiative flux that penetrates the surface
qr = total radiative flux
QSNP = radiative flux that does not penetrate the surface
qw = convective heat flux incident on the material

surface
R = overall reflectance
Re = reflectance of the exposed surface to the incident

radiative flux
Ri = internal reflectance of the exposed surface to the

outward-bound radiative flux
Rs = reflectance of the substrate backing of the heat

shield
r = radial distance to a layer within the heat shield
S = bidirectional scattering coefficient
T = temperature
t = time
y = coordinate measured outward from the rear

surface
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Z = transformed value of r, Eq. (20)
a = defined by Eq. (24)
/3 = defined by Eq. (25)
8 = heat shield thickness, b-a
Xn = eigenvalue
p = heat shield material density
O = transformed temperature
M* = steady-state temperature

Subscripts
b = black body condition; location where r — b
j = ;th spectral band of surface nonpenetrating

radiation
o = initial condition
R = outward-bound (reflected) direction
T = inward-bound (transmitted) direction
t = derivative with respect to time
z = derivative with respect to Z
v = v\h spectral band of surface penetrating radiation

Introduction

D URING the early 1970s the challenge to develop thermal
protective materials that could withstand severe radia-

tion-dominated heating environments received considerable
attention. These studies led to the concept of a backscattering
or volume-reflecting heat shield.1 The basic idea was to con-
struct a heat shield from material that would act as a mirror
(in the depths of the material) to the predominant radiative
heating component. Primarily, only the convective heating
component, and part of the radiative flux absorbed on the
surface, would actually be absorbed by the protective mate-
rial. As a result, the size and weight of a backscattering-type
heat shield would be expected to be substantially less than
that of a conventional ablative type. Although a quarter-scale
model of a Jovian heat shield was developed, the effort was
terminated for nontechnical reasons. Several proposed space
programs are anticipated to experience significant radiative
heating, however, and interest in this potentially useful con-
cept has been rekindled.

A volume-reflecting heat shield material is basically a win-
dow to the spectral radiative flux of interest, i.e., a material
that transmits almost all, yet absorbs very little, of the incident
radiation. The material is pulverized into a fine powder with
optimum particle sizes determined by scattering theory.2 This
powder is then reformed into a solid material, that is com-
posed of particles that are densely packed radiation-scattering
sites.
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Depending on the material thickness and the magnitude of
the radiative flux, the majority of the incident radiation will
be either reflected (backscattered in depth) or transmitted,
and very little will be absorbed. A naturally occurring example
of this phenomenon is a snowbank exposed to the visible
portion of the radiative spectrum. Snow under these condi-
tions appears white, and doesn't melt appreciably, because it
backscatters virtually all of the incident radiation and absorbs
very little of it. Thus it would appear, that materials best
suited for the backscattering, thermal-protective application,
are ones that display high-scattering and low-absorption be-
havior.

Analysis
To begin the analysis, a heat shield of arbitrary geometry

exposed to both a convective heat flux, qw, and a monochro-
matic radiative flux, qr (that penetrates the material to be
backscattered, absorbed, etc., in depth), will be considered.
Subsequently, the analysis will be generalized to accommo-
date spectral variability. The radiative flux will be split into
surface-penetrating and nonpenetrating components. The
spectral bands that penetrate will be treated in an analogous
manner to the monochromatic flux. However, the nonpene-
trating bands (which are either reflected or absorbed at the
exposed surface) will be coupled with the convective flux as
part of the exposed-surface boundary condition.

Radiative Transfer
Two ordinary differential equations that describe the ra-

diative transfer within a backscattering material are the Ku-
belka-Munk equations,3 that have been modified to allow for
emission. These equations, for an inwardly and outwardly
directed radiative intensity /, are, respectively

Thermal protective material

= (K + S)IT (1)

(2)(rm/«) = ~(K + S)IR + SIT + Kn*I

where the geometric constant is
m = 0 flat plate

m = 1 cylinder

m = 2 sphere

Notice that the outward-bound intensity (IR) is diminished by
absorption and scattering, but is enhanced by emission and
the scattered portion of the inward-bound intensity (7r). The
inward-bound intensity is altered in a similar fashion, but in
the opposite direction (see Fig. 1). A parallel development
that has been documented by Howe and Yang4 employs the
astrophysical work of Schuster,5 and yields similar expres-
sions. In fact, Ref. 4 presents a derivation that relates and
equates these two developments.

These radiative transfer expressions can be simplified some-
what by recognizing that strongly scattering and weakly ab-
sorbing behavior typifies materials that are well suited for this
application. In other words, for materials of interest

5» K (3)

Furthermore, for severe heating environments (i.e., shock-
layer temperature on the order of 15,000 K) the incident
radiative flux is much larger than the flux emitted from the
relatively cooler material. It would therefore, be expected
that the magnitude of the net scattered intensity would be
much larger than the intensity resulting from emission, there-
fore

Substrate

Fig. 1 Generic heat shield configuration.

Thus, for materials and conditions of interest the radiative
transfer equations can be reduced to

= (r"IK) = r"S(Ir - /„)

Solving these simplified differential equations yields

^ = — [C2 + SC,(y + a)]

hm

= -[C2- Q + 5C1(^ + fl)]

where

c, =

{(1 - R,)[l + (1 - RS)S3] + /?,.(! - /*,)

(gg/7r)(l - fle)[l - (1 ~ /?s)5fl]

(5)

(6)

(7)

(8)

(9)"2 {(1 - Rt)[l + (1 - /?,)55] + ̂ (1 - /?,)}
Note that ge is the incident flux that penetrates the surface.

Energy Equation
Performing an energy balance6 on the heat shield material

element dr (see Fig. 1) yields
dT 1 d r.

By assuming that the various material properties (k, cp, SV9
Kv, etc.) do not vary significantly with temperature, and ap-
plying various principles of heat transfer7 (e.g., Fourier's law,
Kirchhoff s law), it can be shown that

Notice that the three terms on the right side of Eq. (11)
correspond to contributions from conduction along with in-
ternal absorption and emission of radiation. Since the energy
balance only recognizes gains or losses, scattering doesn't
directly appear in the energy expression. Coupled to this
expression, however, are the radiation transfer relations. Sub-
stituting these relations, Eqs. (6) and (7), into Eq. (11), it is
found that

dT 1
pCp ¥ = r * I dr

:*r\-2r^KIb

S(IT - Kn2Ib (4)
bm7rK[2C2 - 2SC,(y a)] \ (12)
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As mentioned previously, the incident radiative flux within
the material is considered to be much larger than the emitted
flux. Thus, it would be expected that

In other words, the energy loss due to in-depth emission is
negligible, and the differential equation becomes

generalizing the expression to include spectral detail, yields

dt
JL
pcp

_1
rm dr dr

K(2C2 -Cl (14)

Boundary Conditions
As previously stated, the exposure surface is subjected to

an incident heat flux that is made up of both convective and
radiative components. The exact makeup of the incident flux
(i.e., spectral characteristics) depends upon many coupled
parameters such as, vehicle geometry, entry trajectory, and
atmospheric composition. Attaining an accurate assessment
of the flowfield conditions for highly energetic, hypervelocity
flight, is difficult at best. Suffice it to say, however, that there
are methods (i.e., the RASLE8 code) to do this, and in gen-
eral, the radiative flux will consist of various spectral bands.
For a given material, these bands can be divided into two
groups: 1) bands that penetrate the exposed surface and are
back-scattered in depth, and perhaps are reflected and/or ab-
sorbed by the substrate surface; and 2) bands that do not
penetrate the exposed surface and are partially reflected and
strongly surface-absorbed. In other words, there are spectral
bands to which the surface acts as a window, and others to
which it does not. The incident radiative flux can be redefined
as

= <lev (15)

where the first summation corresponds to the surface-pene-
trating flux, and the second corresponds to the nonpenetrating
flux. Since the nonpenetrating flux never actually enters the
material, this flux (actually the absorbed portion of it) only
affects the boundary condition. Moreover, at the wavelengths
to which the surface is opaque, the surface emits as a black
body (with an emittance equal to the absorptance)9 at the
surface temperature. At this point it will be assumed that
ablation and phase change do not occur. This is valid as long
as the temperature near the exposed surface is not allowed
to exceed the melting temperature of the material. At the
exposed surface, there is energy (heat) input, as a result of
the convective flux plus the surface-absorbed nonpenetrating
radiative flux, and energy loss from the surface emission,
therefore

,0
dt (16)

At the rear surface (the substrate/heatshield interface) it is
assumed that the temperature remains constant so that

T(a, t) = T0 (17)

At zero time, the temperature is presumed to be uniform:

T(y, 0) = TO (18)

Equation (14) can now be further simplified to a tractable
partial differential equation by utilizing certain variable trans-
formations. These transformations are geometry dependent,
so from here on, the analysis will focus strictly on a spherical
configuration. Rewriting Eq. (14) for the spherical case, and

dt ~ pcp [r2 dr \ dr \r2 k

2SvClr(y + a)] (19)

Next let

f" \Vfcp,

c,lv {(1 - *
c (q
°2" {(1 - K

Z**r Z?
V k

A = al&V k

B = b[&
V k

<D - (T - T0)Z

p a (^L\ % ̂ (2Q - CJ

" (q Wl - K )d - K )
!,.„)[! + (1 - )̂S,,S] + Rit(l - RJ}

tj[l + (1 - KJS,S] + «fc(l - RJ}

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

The differential equation [Eq. (19)], the boundary conditions
[Eqs. (16) and (17)], and the initial condition [Eq. (18)] be-
come

<D,(z, 0 = *zz(z, t) + a + 03/Z) (29)

<D2(5, 0 = Bfb + [0(5, t)/B] (30)

<D(A, 0 - 0 (31)

0(z, 0) = 0 (32)

Solution
To solve this set of equations and obtain an expression for

the time-dependent temperature distribution, <I>(z, t) can be
divided into "transient" and "steady-state" components:

, 0 = Y(z, t) (33)

Taking the various partial derivatives of this expression and
substituting into Eqs. (29-32) yields

Y,(z, t) = Y22(z, t) + ^zz(z) + a + 03/Z) (34)

V,(B) = Bfb + [V(B)/B] (35)

Yt(B, t) = [Y(B, t)/B] (36)

Y(A,t) = -V(A)- (37)

Y(z, 0) = -*(z) (38)
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After suitable integration and substitution, the steady-state
component is found to be

^ ) | - ( Z - A ) f

Z - A B ( f t)]} (39)

Next, using the separation-of- variables technique,10 and uti-
lizing principles of superposition, orthogonality, etc. , the tran-
sient component is found to be

Y(z, 0 = 2 -Cn si

Finally, the general solution is

1 °°
- 2 Cn sin[An(Z -

(40)

where the series coefficient and eigenvalues are, respectively

-2J%(z)sin[A,,(Z- A)] to
C = {(B - A) - B cos2[An(5 - A)]

A_ = - tan[An(B - A)]

(42)

(43)

Notice that the general solution, plus the series coefficient
and eigenvalue expressions, are in terms of products, sum-
mations, and quadratures of known functions. Thus, this so-
lution is exact, and convergence is assured. A computer code
has been written for utilizing this solution, and some illustra-
tive cases will now be discussed.

Discussion

Selection of Materials
Using data reported by Dickinson11 and others,12 we com-

pared the properties of many potentially useful materials such
as KBr, GaAs, CdTe, ZnSe, CaF2, and KC1. Zinc selenide
(ZnSe) was found to have many characteristics that would
make it a potentially useful volume-reflecting, thermal pro-
tective material. It has a very low-absorption coefficient (K
= 0.005 cm'1) over a broad range of wavelengths. By ad-
justment of the particle size, in consideration of the antici-
pated predominant spectral bands (wavelengths), a scattering
coefficient as high as 800 cm"1 can reasonably be attained.
Furthermore, Fig. 2 (adapted from Magee13) shows that ZnSe
displays distinctive "window-like" behavior, as discussed in
the introduction. The experimental measurements shown in
Fig. 3 (adapted from Ref. 8) for two grades of ZnSe, support
the notion that material properties can be treated as rather
invariant with temperature. In short, ZnSe is a good candidate
material in that it displays high-scattering and low-absorbing
behavior, and it conforms to the assumptions stipulated in the
analytical development.

Before proceeding with the illustrative examples, a couple
of comments on selecting the various reflectances are in order.
These comments pertain only to surface-penetrating spectral
bands. As implied earlier, the heat shield material (in its
assembled form) is an open matrix of densely packed scat-
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Fig. 2 Transmission characteristics of zinc selenide, 7-mm thick.
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Theoretical

Experimental
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Temperature (K)

Fig. 3 Variation of absorption with temperature for zinc selenide (at
A = 10.6 /*).

tering particles immersed in a parent medium, presumed to
be similar to the atmospheric gases surrounding the heat shield
during heating. It would be expected for this case that the
reflectance for both the inward- and outward-bound inten-
sities (at the exposed surface) would be effectively zero, that
is, Re = Rf = 0, which is both reasonable and conservative.
The substrate surface, however, can be chosen to be anything
from a nontransmitting black-body absorber (/?5 = 0) to a
perfect mirror (/?5 = 1.0). In order to gain some insight as
to how selection of this parameter affects the results, overall
reflectance is defined as the ratio of the net reflected intensity
to the incident intensity. Considering surface-penetrating
spectral bands only

which, when combined with previously stated expressions and
assumptions, is equivalent to

R = 1 - 1 + (1 -

This is the "volume reflectance" of the entire scattering me-
dium for radiation that penetrates the material. Notice that
as the substrate surface reflectance #5 approaches unity (i.e.,
for a perfect mirror) the overall reflectance approaches unity
as well. Moreover, as /?5 goes to zero (as for a black body)
the overall reflectance becomes

R = [55/(l + 55)]

For this situation it is clear, that the overall reflectance is
governed by the magnitude of the scattering coefficient and
the material thickness. For the case of ZnSe (5 = 800 cm"1),
virtually any coating of reasonable thickness should be an
effective "volume reflector" and should be relatively insen-
sitive to the substrate reflectance (i.e., for 8 ~ O[0.1 cm], R
is near unity).

Illustrative Examples
Consider a ZnSe heat shield that is at a uniform initial

temperature of 300 K, is 10-cm thick, and has an inner surface
radius of curvature, a, of 100 cm. Suppose that the heat shield
is exposed to a constant total heat flux of 400 W/cm2, that is
made up of a convective component, qw, of 100 W/cm2, and
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a radiative component, qr, of 300 W/cm2. For the first case,
let us examine the situation where the radiative flux can be
lumped into a single spectral band that fully penetrates the
exposed surface. In other words, the material and the radia-
tive flux are perfectly matched so that qe = qr = 300 W/cm2

and qSNP = 0 W/cm2. The transient material response (tem-
perature distribution at different time intervals) for this sit-
uation is shown in Fig. 4.

The exposed surf ace reaches the melting temperature (—1400
K) in approximately 40 s. Figure 5 shows the temperature
distribution throughout the material at this point in time,
along with the relative contributions of the convective and
radiative components. Notice that the temperature increase
throughout the material, is dominated by the convective heat-
ing component, even though the radiative flux is three times
larger. This is the primary virtue of the backscattering heat
shield concept: when the radiative flux and the heat shield
material are properly matched, the effects of the heating caused
by the enormous radiative component can be practically elim-
inated, or at least dramatically reduced. Analogous behavior
has been documented experimentally for Teflon®.14

Notice also that at 40 s the convective flux only penetrates
(by means of conduction) 6 cm into the material. The slight
temperature increase beyond this point, is due to the absorbed
radiative flux, which travels at the speed of light.

Finally, to verify the assumption that this system is insen-
sitive to the substrate surface reflectance, the case was re-
peated using Rs = 1.0. The only effect was a slight temper-
ature increase (10-15 K) in the last couple of centimeters.
Thus the assumption appears to be valid.

The situation remains much the same for the second case.
In this case, however, the radiative flux is split into two spec-
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Fig. 4 Transient temperature response, qw = 100 W/cm2, qe = qr
= 300 W/cm2, Re = R,, = Rs = 0, K = 0.005 cm-1, and S = 800
cm"1.
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Fig. 5 Temperature distribution at t = 40 s, qw = 100 W/cm2, qe =
qr = 300 W/cm2, Re = R,, = Rs = 0, K = 0.005 cm-1, and S = 800
cm"1.

combined heating
convective only
radiative only

tral bands where half of the flux penetrates the exposed sur-
face (qe = 150 W/cm2) and half does not (qSNP = 150 W/cm2)
(wavelengths outside the "window" of Fig. 2 ). Figure 6 shows
how the surface reflectance, Re (for the nonpenetrating flux),
affects the material response. Notice that the absorption of
radiation on the exposed surface increases the surface tem-
perature. In fact, for a surface that is fully opaque and non-
reflecting (Re = 0) for the nonpenetrating flux, it only takes
7 s for the surface to reach the melting temperature. This
situation is effectively the same as having a proportionately
larger convective flux (i.e., qw = 250 W/cm2).

For further comparison (Fig. 7), the temperature distri-
bution at t. = 40 s for the highly reflective exposed surface
situation (Re = 0.9 for qSNP = 150 W/cm2 and qe = 150 W/
cm2) is compared to the initial case (qe = 300 W/cm2, qSNP
= 0 W/cm2).

Notice that the volume reflector (initial case) is slightly
better than the partial surface reflector. In order for the ra-
diation heat shield to remain effective, in the event that there
is a sizable nonpenetrating flux component, it is important
that the surface be highly reflective to this spectral band.

These illustrative examples exercise the analytical formu-
lation, and demonstrate some of the main features of a ra-
diation-backscattering heat shield. It should be recognized
that although only two spectral bands are considered, the
analytic solution is not limited to this case. Any number of
bands, both surface-penetrating and nonpenetrating, each with
its own set of reflectances and/or scattering coefficient, ab-
sorption coefficient, etc., can be accommodated. The only
major limitation is the availability of detailed information on
the properties of materials.
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Fig. 6 Effect of surface reflectance on temperature distribution at t
= 7 s, qw = 100 W/cm2, qg = 150 W/cm2, /?, = Rs = 0, qSNP = 150
W/cm2, K = 0.005 cm'1, and S = 800 cm-1.

2000

1500

500 -

Volume reflector
Surface reflector

2 4 6 8 10
Distance from exposed surface (cm)

Fig. 7 Temperature distribution at t = 40 s for a volume reflector
(qe = 300 W/cm2 and qSNP = 0 W/cm2) and a partial surface reflector
(qe = 150 W/cm2, qSNP = 150 W/cm2, and Re = 0.9).
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Conclusions
An analytic solution describing the material response of a

radiation-backscattering heat shield exposed to combined
convective and radiative heating has been presented. The
formulation yields a closed-form, exact solution to the coupled
radiative transfer and transient energy equations. The analysis
allows for unlimited spectral detail, but assumes that the ma-
terial properties are essentially invariant with temperature,
that the exposed surface doesn't ablate, and that scattering
within the material dominates over absorption. The exposed-
surface boundary condition allows for convective heating and
spectral radiation, some of which penetrates the surface and
some of which is absorbed by the surface.

To exercise the analytic development, illustrative examples
using a spherical ZnSe heat shield subjected to a radiation-
dominated (qr = 3qw) heating environment were presented.
It was shown that if a material is judiciously selected (in
consideration of the spectral characteristics of the incident
radiative flux) the majority of the flux can be rejected through
volume reflection. Furthermore, for cases in which there are
significant exposed surface-penetrating and nonpenetrating
spectral bands, selecting a good volume-reflecting material
that is also highly reflective to the nonpenetrating flux, pre-
serves the effectiveness of the radiation heat shield. Although
this formulation is somewhat restrictive in its range of appli-
cability (it does not allow for ablation, and it assumes tem-
perature-invariant material properties), it is an effective tool
in providing insight for evaluating the potential effectiveness
of a material for radiation-backscattering thermal protective
application.

As man continues the ambitious undertaking of exploring
the cosmos and utilizing space and its resources, severe ra-
diation-dominated heating environments will almost certainly
become more prevalent. Development of radiation-backscat-
tering heat shield technology is therefore a worthwhile pur-
suit. Acquiring more data on wavelength- and temperature-
dependent properties of materials will further this endeavor.
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